Let F be the function field of a curve over a complete discretely valued field. Let ℓ be a prime not equal to the characteristic of the residue field. Given a finite subgroup B in the ℓ torsion part of the Brauer group ℓ Br(F ), we define the index of B as the minimum of the degrees of field extensions which split all elements in B. In this manuscript, we give an upper bound for the index of any finite subgroup B in terms of arithmetic invariants of F . As a simple application of our result, given a quadratic form q/F , where F is the function field of a curve over an n-local field, we provide an upper bound to the minimum of degrees of field extensions L/F so that the Witt index of q ⊗ L becomes the largest possible.
Introduction
Let F be a field. Recall that the Brauer group Br(F ) is a torsion group. We call the order of an element α in Br(F ), the period of α and denote it by per(α). The index of α denoted by ind(α) is the g.c.d (or the minimum) of degrees of field extensions [L : F ] such that α ⊗L = 0. Note that, it is a standard fact that per(α) divides ind(α) and that they share the same prime factors. Therefore, there exists a nonnegative integer N α such that ind(α)|[per(α)] Nα .
The period-index problem for Brauer groups asks that given a Brauer class α in the n-torsion part of the Brauer group n Br(F ), can one uniformly bound N α as α varies in n Br(F ), when F is a function field of a variety over a global field, local field or an algebraically closed field? In some sense, we view this uniform bound as a measure of complexity of the field. As another measure of complexity one may also ask the following: Question 1. Let F be a field of geometric or arithmetic interest (function field of a variety over a global field, local field or an algebraically closed field). Let n be a natural number coprime to char(F ). Given a finite subgroup B ⊂ n Br(F ), can we find a field extension L/F such that α ⊗ L = 0 for every α in B and whose degree [L : F ] does not depend on the cardinality |B|? Better yet, can we compute it in terms of invariants of the field?
For number-fields, or more generally for global fields, one can answer this question using the Albert-Brauer-Hasse-Noether theorem and weak approximation. There, it turns out that the for any B ⊂ n Br(F ), one can find a field extension of degree n that splits all elements in B.
We make the following makeshift definition for our convenience: 1 Definition 1. Let B ⊂ n Br(F ) be a finite subset. We define the index of B, ind(B) as the minimum of degrees of field extensions L/F such that α ⊗ L = 0 for every α in B.
We define the generalized Brauer n-dimension of F , GBrd n (F ) as the supremum of ind(B) as B varies over finite subsets of n Br (L) , and L/F ranges over finite degree field extensions.
If B denotes the subgroup generated by B, notice that ind(B) = ind( B ). Also more importantly, note that one could have replaced minimum by g.c.d in the definition of ind(B). It would be interesting to show whether these two are equal. If they are equal, then by a theorem of Gabber, Liu and Lorenzini ([GLL, Theorem 9 .2]) applied to the product of Severi-Brauer varieties of each α in B, we may just consider separable field extensions in the definition of ind(B).
The generalized Brauer dimension is related to other measures of complexity of tfield arithmetic considered by Krashen in [K] . For a field F with u-invariant u(F ) ≤ 2 n , the author in [K, Proposition 5.2] shows that for α in H m (F, µ 2 ) with m < n, ind(α) ≤ 2 2 n−1 −2 m +m+1 . By the norm residue isomorphism theorem, a good bound for GBrd 2 (F ) would also provide uniform bounds for ind(α) as α varies in H m (F, µ 2 ).
While for many fields of arithmetic or geometric interest the question 1 remains unanswered, there is some hope of saying something for the so called semi-global fields (function fields of curves over complete discretely valued fields). These fields arise as deformations of curves in arithmetic geometry. Such fields are amenable to the field patching technique introduced in [HH] . This technique was developed further in [HHK09] , [HHK15] and [HHK15(1) ]. It has been used to compute the u-invariant and the Brauer dimension of such fields in good characteristic.
We will briefly describe the patching set-up here and expand on it later in section 2. For more details, we refer the reader to [HH] or [H] for a reader friendly account. Let K be a complete discretely valued field with ring of integers R and let F be the function field of a curve over K. Let X / Spec(R) be a normal projective model of F , with special fibre X. Let P be a non-empty finite collection of points including the points where irreducible components of X meet and let U be a finite collection of irreducible components of X P. To each ξ ∈ U ∪ P, one associates an overfield F ξ of F . Quadratic forms and central simple algebras(or more generally principal homogenous spaces and homogenous spaces under rational connected linear algebraic groups, (see [HHK15] ) satisfy local global principles with respect to these overfields.
We should mention that splitting more than one Brauer class requires somewhat different techniques than those used in [HHK09] to compute the index of a single Brauer class. In [HHK09] , an upperbound for the index of a single Brauer class on a semi-global field was computed in terms of an arithmetic invariant (called the Brauer dimension) of function fields of the irreducible components of the special fibre and that of the residue fields of closed points of some projective model of that field. Taking cue from that, one might wonder if the generalized Brauer dimension can be computed in a similar fashion.
Note that, given a Brauer class α, one can associate to one of its representative central simple algebra A and an integer 1 ≤ k ≤ deg(A), the k-th generalized Severi-Brauer variety SB k (A). This variety parametrizes right (or left) ideals of dimension k deg(A). These varieties are "index detecting" in the following sense : SB k (A)(F ) = ∅ if and only if ind(α) divides k (See for eg. [KMRT, Proposition 1.17] ). Further, they are also homogenous under the action of P GL(A), a connected rational linear algebraic group. Therefore, by [HHK09, Theorem 3.7 ] they satisfy a local global principle with respect to the overfields described in the above paragraph. Using these two facts, one concludes that ind(α) = l.c.m(ind(α F ξ )). By changing the model X if necessary, one typically chooses the overfields and computes the index of the Brauer class over each overfield independently.
For a finite set B ⊂ ℓ Br(F ), we do not know if there exists an index detecting variety, i.e a variety X k such that X k (F ) = ∅ if and only if ind(B) divides k, which also satisfies local global principle with respect to patches. This presents us with some difficulties since we cannot just compute ind(B) over each overfield independently like in the case of a single Brauer classes.
One therefore has to choose a compatible collection of field extensions L ξ /F ξ that splits B. For that, we follow the strategy of Saltman [S] : we first make all elements in B unramified (See Proposition 3.1) on a two dimensional projective model of F . This allows us to specialize the classes on the special fibre. We then split B in two steps. First, split it simultaneously over the function fields of all irreducible components of the special fibre using Lemma 4.1. Second, split it simultaneously on the remaining closed points using Lemma 4.2. The advantage in making them unramified is that we can split it simultaneously at the closed points, as opposed to working over each patch one at a time as done in [HHKPS, Corollary 2.10] . We however have borrowed ideas from [HHKPS] when dealing with the closed points in the proof of Lemma 4.2.
Before we state our main result (See Theorem 1), we introduce some conventions, which we stick to throughout unless otherwise stated.
Notation 1. Let R be a complete discretely valued ring with fraction field K and residue field k. Let F be the function field of a geometrically integral curve. Such fields are called as semi-global fields. For a prime ℓ, when we deal with mod-ℓ Galois cohomology classes, we assume that char(k) = ℓ. In that case, char(K), char(F ) = ℓ and that ℓ is invertible on any model of F .
We will denote the set of discrete valuations with a center on a proper model of F by Ω F . Valuations which have a center a codimension one point on some regular proper model of F will be called divisorial.
We obtain the following theorem which is a first attempt (that we are aware of) in answering question 1 at least when F is a semi-global field. As a corollary, we can give an upper bound to the generalized Brauer dimension when F is a function field of a curve over an n-local field. We stick to GBrd ℓ (F ) in the statement below. The case for ℓ primary Brauer classes can be obtained as a corollary to this by a standard argument (See Corollary 4.5).
Main Theorem (= Theorem 4.4). Let F , ℓ and k be as above in Notation 1. Then if ℓ = 2
Corollary 1.1. Let F be the function field of a curve over an n-local field where n ≥ 2. Then GBrd ℓ (F ) ≤ ℓ (n 2 +3n)/2 for ℓ = 2 and GBrd 2 (F ) ≤ 2 (n 2 +5n−2)/2 .
As another corollary, the bound for the generalized Brauer dimension provides a trivial bound for the index of cohomology classes. This bound is smaller than that stated in [K, Conjecture 1] which is not surprising for such fields. This result also shows that the symbol length of any Galois cohomology class is finite in view of [K, Theorem 4.2] .
Corollary 1.2. Let F be the function field of a curve over an n-local field where n ≥ 2. Then for any α in H k (F, µ ⊗k ℓ ), ind(α) ≤ ℓ (n 2 +3n)/2 for l = 2 and for ℓ = 2, ind(α) ≤ 2 (n 2 +5n−2)/2 .
Proof. We may assume that µ ℓ ⊂ K since appending the ℓ th roots of unity does not change the index by a standard restriction-corestriction argument. By the norm residue isomorphism theorem, α = m i=1 β i ∪ γ i where β i are distinct classes in H 2 (K, µ ℓ ). Note that for B = {β 1 , · · · β m }, ind(B) ≤ GBrd ℓ (F ). The result now follows from Corollary 1.1. This is of course, not the best bound. The techniques used to obtain the result also help us in splitting the "top" cohomology classes much more optimally. (See Corollary 3.3) 1.1. Application to splitting quadratic forms. Given an even dimensional form q/F with trivial discriminant, in the Witt ring W (F ), q lies in the square of the fundamental ideal I 2 F . Thus, one may write q = i p i in W (F ), where each p i is a two fold Pfister form. A naïve way to split q is to find an L/F which splits all the p i simultaneously. Note that twofold Pfister forms are norms of Quaternion algebras. Thus splitting all the p i simultaneously amounts to splitting all the corresponding Brauer classes simultaneously.
Definition 2. Let q/F be a quadratic form of dimension n > 1. We define the splitting index i(q) of q to be the minimum of the degrees of field extensions [L : F ] such that q ⊗ F L has Witt index ⌊ n 2 ⌋. We define the splitting dimension of a field F , i s (F ) as the supremum of the i(q) as q ranges over quadratic forms over L and L/F ranges over finite degree field extensions.
Question 2. Can we uniformly bound the splitting dimension of fields of geometric or arithmetic interest? Better, can we compute it in terms of known invariants such as the Brauer dimension of the field?
Note that for global fields or local fields, the splitting dimension is easy to compute. This is because, quadratic forms are classified by the classical invariants. Let F be a global field of characteristic = 2 and of u-invariant 4. Let q/F be a four dimensional anisotropic quadratic form. A strategy to split the quadratic form is to split all its invariants. Let L/F be a quadratic extension which splits its discriminant. Then q L is in I 2 L. Because it is four dimensional, by Arason-Pfister Hauptsatz (See for example [Lm, Theorem 5.6] ), q L is similar to a two-fold Pfister form. One therefore needs to make a quadratic extension M/L to split it. This shows that i s (F ) ≤ 4. Over these fields, it is not difficult to construct a quadratic form of splitting dimension 4. See the introduction to Section 5.
A related question was asked in an AIM workshop "Deformation Theory and the Brauer group" in 2011.(See [AimPL] , there splitting dimension was called the torsion index). Note that if the u-invariant of the field is N, then such a bound certainly exists. Notice that an anisotropic binary form can be split by a quadratic extension. If one writes an N-dimensional anisotropic quadratic form as an orthogonal sum of ⌊N/2⌋ binary forms, then taking the compositum of the quadratic extensions splitting each binary form, one sees that the splitting dimension of such a field F is at most 2 ⌊N/2⌋ . For example, since the u invariant of function fields of curves over n-local fields is 2 n+2 , a crude bound for their splitting dimension is 2 2 (n+1) .
A simple application of Corollary 1.1, yields the following corollary which gives a sense as to how the splitting dimension grows with the u-invariant for function fields of curves over n-local fields. This bound given there is a lot smaller than the crude bound of 2 2 (n+1) Corollary 1.3. Let F be the function field of a curve over an n-local field. Then i s (F ) ≤ 2 (n 2 +5n)/2 Proof. Let L/F be a finite separable extension and let q/L be a quadratic form. We may assume that it is even dimensional. Let K/L be a quadratic extension slitting its discriminant.
. Applying 1.1 to the subset B = {(a 1 , b 1 ), · · · (a n , b n )} ⊂ 2 Br(K), there exists a field extension of degree 2 (n 2 +5n−2)/2 splitting q K . Therefore, q is split by an extension of degree 2 (n 2 +5n)/2 .
In the final section, using results on the period-index bounds for fields like Q p (t), we will show that the splitting dimension of such fields is 8 (See Proposition 5.4). This agrees with the bound stated above. However, we do not expect the above bound to be tight. In Section 5, we record some lower bounds for the splitting dimension.
Remark 1.4. Note that if the splitting dimension of the field is finite, there is a bound also on the splitting index of mod-2 Galois cohomology classes. If we further assume that the
Patching Preliminaries
Field patching is a technique developed by Harbater, Hartmann and Krashen in a series of papers to tackle arithmetic questions such as u-invariant, period-index problems and local global principles for principal homogenous spaces for semi-global fields. This will be our principal tool to prove Theorem 4.4. We will briefly describe the patching set-up in this section. We direct the reader to the Luxembourg notes of Harbater (See [H] ). Let R be a complete discretely valued ring with parameter t, fraction field K and residue field k. Let F be the function field of a geometrically integral curve over K. Let X / Spec(R) be a normal projective model of the curve. This is a two dimensional normal scheme with a flat projective morphism to Spec(R) and whose generic fibre is isomorphic to the curve over K. Let X be the fibre of X over the maximal ideal of R. We call this fibre the special fibre of X . Let P be a non-empty finite subset of closed points in X, including the points where irreducible components of X meet. Let U be the set of irreducible components of X \ P with the reduced induced subscheme structure.
To each U in U, consider the following ring R U whose elements are rational functions of X regular on U or more precisely: R U := ∩ P ∈U O X ,P . Let R U be its t-adic completion. Note that by [HHK15(1), Proposition 3.4] R U is a domain. Let F U be its fraction field. Note also, that the reduced closed subscheme in Spec( R U ) given by t is isomorphic to U.
To each P in P, let R P be the completion of O X ,P with respect to its maximal ideal. This is also a domain. Let F P be its fraction field.
For a pair (P, U) such that P ∈ U , let ℘ be a height one prime ideal of R P containing the parameter t. We will call such a prime ideal a branch on U incident at P . Let R ℘ be the completion of the localization of R P at ℘ with respect to ℘. Note that because R P is a normal domain, R ℘ is a complete discretely valued ring. Let F ℘ be its fraction field. There are natural maps from F U and F P to F ℘ for a triple (P, U, ℘), where P ∈ U and ℘ is a branch of U at P . The map from F P to F ℘ is induced by the localization map. Let η be the prime corresponding to U in R U . Let p = ℘ ∩ R P . Observe that (R U ) η = (R P ) p . One has the following chains of inclusions and equality (canonical isomorphisms):
Intuitively, we think of R U as a thickening of U, R P as a formal neighbourhood around P and R ℘ as the "overlap" between them. The main theorem of patching essentially says that we can uniquely patch compatible local algebraic structures over F U and F P to a global structure over F . For each triple (P, U, ℘) with P in P and U in U and branch ℘ lying on U, incident at P , the fields F P , F U and F ℘ forms an inverse factorization system in the terminology of [HHK15, Definition 2.1].
Now, consider the triples (V P , V U , φ ℘ ), where V P and V U are finite dimensional vector spaces over F P and F U respectively and φ ℘ : 
This follows because simultaneous factorization for GL n holds. That is, given
In fact, one can also patch finite dimensional vector spaces with some additional structure such as quadratic forms, central simple algebras, or more importantly for our purpose, separable algebras. That is, the theorem above holds verbatim if the V ξ are separable algebras over F ξ for each ξ in P ∪ U.
Moreover, for connected and rational linear algebraic groups, we also have local global principles with respect to these patches.(See [HHK15, Theorem 5.10]). Note that, P GL n is a connected rational group. Recall that principal homogenous spaces under P GL n are in a natural bijection with central simple algebras of degree n. We therefore have:
Theorem 2.1. Let A/F be a central simple algebra of degree n. Let X be a normal projective model for F as above with special fibre X. Let P be a non-empty finite collection of closed points including the points where all irreducible components of X meet. And let U be the set of connected components of X \ P. If A ⊗ F F ξ is split for all ξ in P ∪ U, then A/F is split.
Splitting Ramification
Let F be any field. Let v be in Ω F . Let k(v) be the residue field with char(k(v)) = ℓ and let R v be the discrete valuation ring. Recall that there exist maps
). An element α in H n (F, µ ⊗m ℓ ) is said to be unramified at v if ∂ v (α) = 0. Note that we have the following exact sequence:
, µ ⊗m ℓ ) and call it the specialization of α at v. For any local ring R with residue field κ, if α is in H n (R, µ ⊗m ℓ ), then we denote the restriction of α in H n (κ, µ ⊗m ℓ ) by α κ and also call it the specialization of α. Let β be an unramified class in
Suppose that R v ⊂ R w is an extension of discrete valuation rings with respective fraction fields F ⊂ L. Denote the ramification index of w over v by e w/v . Then we have the following
Definition 3. Returning to the situation in 1, let B = {α 1 , · · · α n } be a finite subset of H n (F, µ ⊗m l ). We define the ramification divisor of B on a given normal model X of F as the union of all the prime divisors Y on X for which ∂ v Y (α i ) = 0 for some i = 1, · · · n, where v Y is the discrete valuation corresponding to Y .
We say that the ramification of B is split if ∂ v (α) = 0 for all α in B and for every divisorial valuation v in Ω F .
We now prove a proposition below which helps us in splitting ramification of a finite collection of cohomology classes in a controlled manner. The idea of the proof is well known and is a minor adaptation of one of Gabber's fix to Saltman's original argument. (See the review of Colliot-Thelene in Zentralblatt MATH of [S] ). For a normal crossing divisor on a regular surface, one can find three functions which at every point on the divisor, locally describe the divisor as the zero locus of (appropriate combinations of) any two of those functions. This helps us in splitting the ramification of a finite collection of Brauer classes in a controlled way. We give a proof below for completeness. Lemma [AAIKL, Lemma 2.4 .8] provides a wider generalization of this idea to any quasi-projective regular scheme of dimension d ≥ 2.
Proposition 3.1. Let B be a finite subset of H n (F, µ ⊗m ℓ ). If ℓ = 2, then there exists an extension of degree ℓ 2 which splits the ramification of B. If ℓ = 2, there exists a degree 8 extension splitting the ramification of B.
Proof. Using Lipman's result on embedded resolution of singularities (See [Li, Section 9.2.4, Theorem 2.26]), one may assume that there exists a regular projective model X of F such that the ramification divisor of B on X is a normal crossing divisor D. One may write D = D 1 ∪ D 2 , where D 1 and D 2 are regular, but not necessarily connected divisors.
Let P be a finite set of points on each irreducible component of D 1 ∪ D 2 , including the intersection points of D 1 and D 2 . Since X is in particular, quasi-projective, one may find an affine open set U containing all the points in P. Let A be the semi-local ring obtained by semi-localizing U at the points in P. Because X is regular, so is A and therefore, a Noetherian UFD. Therefore, Pic(A) is trivial.
For the prime ℓ = 2, we may assume that µ ℓ ⊂ F . If not, then let K = F (µ ℓ ). If v is an element in Ω K and let w = v|F . The ramification index and the degree of the residue field extension is coprime to ℓ. Let α be in B. By [CT, Proposition 3.3 .1], notice that ∂ v (α K ) = 0 if and only if ∂ w (α) = 0. Conversely if w is in Ω F and if v in Ω K be any extension of v in K. Then, ∂ v (α K ) = 0 if and only if ∂ w (α) = 0. Therefore, without loss of generality, we may assume that F contains primitive ℓ th roots of unity.
Consider the divisors D 1 = D 1 + 2D 2 and D 2 = D 1 + D 2 on Spec A. There exists a rational function f 1 such that div A (f 1 ) = D 1 + 2D 2 . Therefore, on X , div X (f 1 ) = D 1 + 2D 2 + E where E does not pass through any points in P. Let P 1 be the points of intersection of Supp(E) with Supp(D 1 ) ∪ Supp(D 2 ). Let B be the semi-local ring at the points P ∪ P 1 . Consider the rational function f 2 such that div B (f 2 ) = D 1 + D 2 . Therefore, on X , div X (f 2 ) = D 1 + D 2 + F where F does not pass through any points in P ∪ P 1 .
Consider the field extension
Let v be a divisorial discrete valuation in Ω L Let x be the unique center of v on X . We may assume that x lies on the ramification divisor of B. Let α be any non-trivial element in B. Note that it suffices to show that the residue of α at each height one prime ideal of O X ,x is split by L.
If x lies only on any of the Supp(D i ), then we may express α = α 0 + β 1 ∪ (π), where α 0 and β 1 are unramified on O X ,x and π is a local equation for D i in O X ,x . We may replace π by f 2 upto adding an unramified class to α 0 . The subextension F ( ℓ √ f 2 ) is totally ramified on the ramification locus of α in O X ,x . Therefore by [CT, Proposition 3.3 .1], we see that ∂ v (α L ) = 0. If x lies on Supp(D 1 ) ∩ Supp(D 2 ), then on O X ,x , the equation for D 1 is given by f 2 2 /f 1 and for D 2 is given by f 1 /f 2 . Since L = F ( ℓ f 2 2 /f 1 , ℓ f 1 /f 2 ) totally ramifies the local parameters for D 1 and D 2 on O X ,x , we are done. Similarly, if x lies on Supp(D 1 ) ∩ Supp(F ), D 1 is also given by f 1 . The subextension F ( ℓ √ f 1 ) splits the ramification. If x lies on Supp(D 2 ) ∩ Supp(F ), the local equation for 2D 2 is given by f 1 . But because ℓ = 2, the local parameter for D 2 is totally ramified in the extension F ( ℓ √ f 1 ). Finally, x lies on Supp(D 2 ) ∩ Supp(E) or on
For the prime ℓ = 2: consider three functions f 1 , f 2 and f 3 chosen as in the case for l = 2 such that div X (f 1 ) = D 1 + D 2 + E, div X (f 2 ) = D 1 + F and div X (f 3 ) = D 2 + G where the support of no three divisors among D 1 , D 2 , E, F and G intersect. Just as before, we show that the possible local parameters for D i are totally ramified by the extension
. We will show this in two possible cases. The rest are similar. First, if x lies in Supp(D 1 ) ∩ Supp(D 2 ), the local equations for D 1 and D 2 are given by f 2 and f 3 .
As a consequence of Proposition 3.1, we can simultaneously split a finite collection of Brauer classes of prime period ℓ = p on the function field of a p-adic curve by making a degree ℓ 2 extension for ℓ = 2. This follows from [S2, Theorem 0.9]. In the case of p-adic curves, the bound for ℓ = 2 is in fact 4 and not 8 as Proposition 3.1 suggests. An argument of a different flavor which works in the case of p-adic curves is given in the review of Colliot-Thélène of [S] where it is shown that for any ℓ, a degree ℓ 2 extension suffices. Since have not seen this result appear anywhere except the review, we record it below:
Corollary 3.2. Let F be a function field of a p-adic curve. Let B ⊂ ℓ Br(F ) be a finite subset for l = p. Then there exists a degree l 2 extension that splits all elements of B. Thus, GBrd ℓ (F ) = ℓ 2 .
Proof. Using Lipman's resolution of singularities, we may assume that the ramification divisor of B on a regular projective model X of F is a normal crossing divisor expressible as a union of two regular divisors D 1 and D 2 . By a semi-local argument used as in the proof of 3.1, we may find a function f in F such that div X (f 1 ) = D 1 + D 2 + E. Note here that Supp(E) does not pass through any of the intersection points of D 1 and D 2 . Let P be the intersection points of Supp(D 1 ), Supp(D 2 ) and Supp(E). Semi-localizing at P, we may find f 2 in F such that div X (f 2 ) = D 1 + F and f 2 is a unit at closed points in Supp(D 2 ) ∩ Supp(E) . Using the Chinese remainder theorem, we may assume that f 2 is not an l th power in k(x) for every x in Supp(D 2 ) ∩ Supp(E).
We claim that
If v is in Ω L , with center x on X . The only case that we consider here is when x lies on Supp(D 2 ) ∩ Supp(E). The rest are similar to the cases considered in the proof of Proposition 3.1. We may express as α = α 0 + (u, π 2 ), where α 0 is unramified on O X ,x and π 2 is a local parameter of D 2 for every α in B. On O X ,x , we may write f 1 = vπ 2 δ, where v is a unit and δ is a local parameter for E. We may therefore rewrite α = α 0 + (u, δ) + (v, f 1 ) for some unramified class α 0 and some units u and v.
, whereū is an ℓ th power class in the residue field k(v). Let Y → X be the normalization of X in L and let y be the center of v on Y.
Note first that k(x) is a finite field since x is a closed point. Second, the residue field extension of k(y)/k(x) contains a degree l extension. Therefore,ū in k(x) becomes an ℓ th power in k(y). Since k(y) ⊂ k(v),ū becomes an ℓ th power in k(v). Thus, ∂ v (α L ) = 0. Proposition 3.1 is a key ingredient in our goal of splitting Brauer classes optimally. Once the ramification is split, we are able to specialize cohomology classes on the special fiber of some regular projective model. The function fields of irreducible components of the special fiber are fields of "lower complexity". As an interesting application of the proposition, we would like to record the following observation: Corollary 3.3. In the situation of Notation 1, suppose also that ℓ cd(k) ≤ n − 2. Let B be a finite subset of H n (F, µ ⊗m ℓ ). If ℓ = 2, there exists a field extension of degree at most l 2 which splits all elements in B. If ℓ = 2, there exists a field extension of degree 8 splitting B.
Proof. Let X be a regular projective model of F such that the ramification divisor of B is a strict normal crossing divisor. Let L/F be a field extension as in Proposition 3.1. Let Y be a regular projective model of L. Let {Y i } be the collection of irreducible components of the special fiber of Y with respective generic points {η i }. Let α is a non-trivial element of B. Since α L is unramified at every discrete valuation of L, for every α in B, we may specialize α to the function field k(Y i ). By [Se, Chapter 4, Proposition 12] , l cd(k(t)) ≤ n − 1. Therefore, α k(Y i ) = 0 and so, we have that α Lη i = 0 by [Mi, Pg 224, Corollary 2.7 ] . By [HHK15(2) , Proposition 3.2.2], there exists a dense open set U i in Y i such that α L U i = 0. We may assume that U i do not contain the attaching points of the irreducible components. Let P be the complement of ∪U i in the special fiber. For every P in P, α ⊗ L P is unramified at every height one prime of R P . Thus, α ⊗ L P comes from H n ( R P , µ ⊗m l ) using [SM, Theorem 2.1] . We may specialize α at the residue field k(P ) of R P . Since l cd(k) ≤ n − 2, α k(P ) = 0 Thus again by [Mi, Pg 224, Corollary 2.7] , α L P = 0. Using [HHK15(2), Corollary 3.1.6], we conclude that α = 0.
Remark 3.4. Using Corollary 3.3, if F is a function field of a curve over an n-local field, then one may simultaneously split a finite collection of elements B in H n+2 (F, µ ⊗m l ) by a degree ℓ 2 for ℓ = 2 and by a degree 8 extension for l = 2. This is certainly not optimal. Note that by [HHK09, Corollary 4.13] , u(F ) = 2 n+2 . Therefore, under the isomorphism H n+2 (F, Z/2) ∼ − → I n+2 F , every α in B can be represented by a (n + 2)-fold Pfister form q α . Each of these forms is universal i.e, they all represent some non-square −f in F . Thus F ( √ f ) splits all the classes in B.
Main Result
The next two lemmas allow us to construct a global extension of F from extensions L ξ /F ξ for suitable patches ξ in P ∪U. Lemma 4.1 is well known and Lemma 4.2 is a variant of [HHKPS, Theorem 2.6] and ideas used in the proof of [HHKPS, Proposition 2.5 ]. However, we do not need the hypothesis that char(k) = 0 needed there, since we work only with unramified extensions. Working with unramified extensions also has the advantage that we also do not require the points P in Lemma 4.2 to be unibranched.
Lemma 4.1. Let X / Spec(R) be a regular arithmetic surface with function field F . Let {X 1 , · · · X n } be the irreducible components of the special fibre which we assume is a normal crossing divisor on X . Let η i denote the generic points of X i and F η i denote the completion of F at the discrete valuation given by η i . Suppose that L η i /F η i are field extensions of degree d. Then there exists a field extension L/F of degree d such that
. By weak approximation we may find a polynomial f (x) in F [x] sufficiently close to f η i (x) so that by Krasner's lemma we have
, we prove the claim.
Lemma 4.2. Let X / Spec(R) be a normal projective model of F . Let P be a finite non empty set of closed points on the special fibre X of X which includes points where irreducible component of X meet. For each point P in P, let l(P )/k(P ) be finite separable extensions of the residue fields k(P ) of degree d. Let L P /F P be their unramified lifts. Then there exists a field extension L/F of degree d such that L ⊗ F F P ∼ = L P .
Proof. Let ℘ be a branch incident at P . Observe that
be the corresponding residue field extensions. Set l(℘) := i l(℘ i ), L ℘ := L ℘ i . Going by our notation, we have that L P ⊗ F P F ℘ ∼ = L ℘ . To obtain an extension L/F , we need to construct a separable algebra
Let U be the set of irreducible components of the the complement of P on the special fibre. For each U in U, let B U denote the set of branches lying on U. Note that the function field k(U) is dense in ℘∈B U k(℘) for every ℘ in B U . Using Krasner's lemma and weak approximation, there exists a separable algebra
Let V → U be the normalization of U in l U . After shrinking U if necessary, we may assume that the map isétale. We abuse notation and denote this new open set by U. Let P ∪ P 1 be the complement of these new open sets on the special fiber X. By [GR, Corollaire 8 .4], we may uniquely lift V → U to get anétale algebra S V / R U . Note that S V is a product of domains. Let L V be the product of their fraction fields. We claim that L V ⊗ F ℘ ∼ = L ℘ for each triple (U, P, ℘).
Note that for every branch ℘ incident at P in P, we have the following sequence of isomorphisms:
The algebras L V /F U induce algebras of the same dimension on the branches incident at the points in P 1 . Using weak approximation again, there exist compatible algebras at these points. All this patches together to give an algebra L/F such that L ⊗ F F P ∼ = L P . Since L P /F P is a field extension of degree d, so is L/F . Remark 4.3. The lemma shows that unramified extensions at closed points of a projective normal model induce a global extension of the function field. Note that in general, arbitrary extensions of closed points do not induce global extensions as remarked in [HHKPS, Remark 2.7(b) ].
We are now in a position to prove our main theorem. Lemma 4.1 and Lemma 4.2 allows us to construct field extensions which split B, first generically on the special fiber and then on the remaining closed points.
Theorem 4.4. Let F , ℓ and k be as above in Notation 1. Then if ℓ = 2
.
Proof. If ℓ = 2, let K/F be a degree ℓ 2 extension that splits the ramification of B, as chosen in Proposition 3.1 or if ℓ = 2, let K/F be a degree 8 extension as chosen in Proposition 3.1. Let X be a regular projective model of L such that {X 1 , · · · X n } are the irreducible components of the special fibre of X .
We prove the statement in two steps. First we show that there exists a field extension M/K of degree GBrd ℓ (k(t)) with some normal model Y such that B is split on all but finitely many closed points of the special fibre of Y. After that, in Step 2, we construct another extension L/M of degree GBrd ℓ (k) which splits B.
Step 1: Let η i be the generic points of X i and let K η i denote the completion of K at η i . Since B is unramified, we may specialize every element α in B to the residue field k(X i ) of K η i . There exists a separable field extension m i /k(X i ) of degree at most GBrd ℓ (k(t)) splitting α k(X i ) . We may as well assume that m i /k(X i ) has degree GBrd ℓ (k(t)). Let M i /K η i denote the unramified lifts of the extensions m i /k(X i ). By [Mi, Pg 224, Corollary 2.7] , α M i is split. By Lemma 4.1, there exists a field extension M/K of degree GBrd ℓ (k(t)) such that
In view of our choice of M/K, note that for i = 1, · · · n, η ′ i := f −1 (η i ) are the generic points of Y i := f −1 (X i ), the irreducible components of the special fibre of Y and M i are the respective completions of M at those points. Since α M i is split, by [HHK15, Proposition 5.8] , there exist non-empty dense affine open subsets U i ⊂ Y i which do not meet any other component and such that α M U i is split. Thus, α is split everywhere on the special fibre except possibly at the complement of the open sets U i .
Step 2: Let U be the set of the open sets U i from Step 1. Let P be the complement of ∪ i U i on the special fibre Y of Y. Note that α M P comes from a class on O Y,P for all points P in P. This is because α is unramified on the regular local ring O X ,f (P ) . We may therefore specialize it to the residue field k(P ) of O Y,P . Let l(P )/k(P ) be separable field extensions of degree GBrd ℓ (k) splitting α k(P ) . Let L P /M P be the lift. By [Mi, Pg 224, Corollary 2.7] , α L P is split. By Lemma 4.2, there exists a field extension L/M of degree GBrd ℓ (k) inducing l(P )/k(P ).
We claim that α L is split. Let g : Z → Y be the normalization of Y in L. Let P ′ be the inverse images of the points P in P under the normalization map g. Let U ′ be the set of irreducible components of the complement of P ′ in the special fibre Z. Note that for each
Furthermore for each P ′ in P ′ , L P ′ is an unramified extension of F P for some P induced by the residue field extension l(P )/k(P ) which splits α k(P ) . Thus, α L P ′ is split. By [HH, Proposition 6 .3], (U ′ , P ′ ) forms an inverse factorization system. Thus, α L is split for every α in B. 
Proof. We show this by induction on m. We show this only for ℓ = 2 since the case for ℓ = 2 is similar. The base case, m = 1, follows from Theorem 4.4. Suppose that the statement holds for m − 1. Let B be a finite subset in ℓ m Br(F ). We denote by ℓ m−1 B the set in ℓ Br(F ) obtained by multiplying each element in B by ℓ m−1 . If L/F is a field extension, we denote by B L the subset in ℓ m Br(L) by restricting each element in B to the field L. By Theorem 4.4, it follows that there exists a field extension L/F of degree at most ℓ 2 GBrd ℓ (k(t)) GBrd ℓ (k) splitting ℓ m−1 B. Thus, B L is a subset in ℓ m−1 Br(F ). By induction, there exists a field extension M/L of degree at most
Thus, the extension M/F splits all elements in B and the result follows.
Corollary 4.6. Let F be the function field of a curve over an n-local field where n ≥ 1. Then GBrd ℓ (F ) ≤ ℓ (n 2 +3n)/2 for ℓ = 2 and GBrd 2 (F ) ≤ 2 (n 2 +5n−2)/2 .
Proof. For convenience, let a n := GBrd ℓ (F ). Let k be the residue field of the field of constants of F . Note that k is an (n − 1)-local field. We denote by b n−1 the generalized Brauer dimension of an (n − 1) local field. By Theorem 4.4, we have a n ≤ ℓ 2 a n−1 b n−1 . Note also, that b n−1 ≤ lb n−2 . Therefore, b n−1 ≤ ℓ n−1 . Thus, one sees that a n ≤ ℓ (n 2 +3n)/2 .
For ℓ = 2: a n ≤ 8a n−1 b n−1 = 8a n−1 2 n−1 = 2 n+2 . Therefore, a n ≤ a 1 2 (n 2 +5n−6)/2 = 2 (n 2 +5n−2)/2 .
Remark 4.7. We do not know believe that this upper bound is tight. For F = Q p (t), in Colliot-Thélène's review to [S] , it is shown that GBrd ℓ (F ) = ℓ 2 . This is the same as the Brauer dimension of F . This equality of Brauer dimension and generalized Brauer dimension also holds for global fields. It would be interesting if they also agree for function fields of curves over higher local fields. If so, then the splitting dimension of such fields would be linear in the exponent and not quadratic.
Lower bounds for splitting dimension
We find lower bounds for the splitting dimension for some fields in this section. For some fields satisfying the hypothesis of Proposition 5.4 (examples include Q p (t), F p (x, y), F p ((x, y))), using the lower bounds, we can compute their splitting dimension. For function fields of varieties over an algebraically closed fields, and function fields of curves over complete discretely valued fields, we record an "obvious" lower bound in Proposition 5.6 and Proposition 5 respectively.
If F is a totally imaginary number field or a function field of a curve over a finite field, it is well known that u(F ) = 4. Writing an anisotropic four dimensional quadratic form as a sum of two binary forms, we see that i F ≤ 4. To construct a quadratic form with splitting index at least 4, we use the Albert-Brauer-Hasse-Noether theorem. Let α be a non-trivial element in 2 Br(F ). Let v be a place where α is ramified, construct a quadratic field extension L/F where v is totally split using Weak approximation and Krasner's lemma. Note therefore that α ⊗ L is non-trivial. Let p be the norm form of L/F and p α be that of α. Consider the quadratic form q = p ⊥ p α . If M/F splits q, M contains L. Since M splits q L , 2 divides [M : L]. Therefore [M : F ] ≥ 4. This shows that i s (F ) = 4. We will adopt the same strategy to give the lower bounds in Propositions 5.6 and 5.
Proposition 5.1. Let K be a complete discretely valued field with parameter t and residue field k of characteristic not equal to 2. Then i s (K) ≤ 2i s (k).
Proof. Let q/K be a quadratic form. Then q = q 1 ⊥ tq 2 , where the entries of q 1 and q 2 are units in its ring of integers. Consider the ramified extension L = K( √ t). The residue field of L is also k. Then q L ∼ = q 1 ⊥ q 2 . Let m/k be a field extension of degree at most i s (k) splitting the reduction q 1 ⊥ q 2 . Let M/K be a lift of the extension m/k. By Hensel's lemma, (q 1 ⊥ q 2 ) L is split by M/L. Therefore, i s (K) is at most 2i s (k).
Lemma 5.2. Let {φ 1 , φ 2 , · · · φ n } be a set of anisotropic Pfister forms over a field F . Let φ ′ i denote their pure subforms for i = 1, · · · n. Then for every i, φ i does not share a common quadratic splitting field if and only
Proof. Suppose all the Pfister forms are split by F ( √ c). In that case 1, −c is a subform of 
The rest follows by the previous lemma.
Proposition 5.4. Let F be a field with char(F ) = 2. Suppose that for every finite extension L/F , for every α ∈ H 2 (L, Z/2Z), ind(α)|(per(α)) 2 and u(L) ≤ 8. Then the splitting dimension F is at most 8.
Proof. Let q be a over F . We may assume it is even dimensional by replacing the form by a codimension one subform if necessary. Let L/F be a quadratic extension which splits its discriminant. Thus, in the Witt ring W (L), q L lies in I 2 L. Let α := e 2 (q L ) be its e 2 invariant. By our assumption on the index of α, it follows from Albert's theorem that α = α 1 +α 2 , where α i are symbols. We will abuse notation and not distinguish the norm forms of symbols (which are Pfister forms) and the symbols themselves. Suppose that M/L is quadratic extension splitting α 1 . Thus, q M − α 2 lies in I 3 M. Thus, q M = α 2 + β, where β lies in I 3 . Because u(M) ≤ 8, β is similar to a three-fold Pfister form by Arason-Pfister Hauptsatz. (See, for example [Lm, Theorem 5.6] ). By Corollary 5.3, there is a quadratic extension K/M splitting α 2 and β simultaneously. Thus M/F splits q and its degree is 8.
Remark 5.5.
(1) In view of results of Saltman (See [S] ) on period-index bounds for padic curves and of Parimala and Suresh (See [PS] ) on the u-invariant, the splitting dimension of function fields of curves over p-adic fields is at most 8.
(2) The splitting dimension of function fields of surfaces over finite fields (for example F p (x, y)) and that of fraction fields of complete two dimensional regular local rings with finite residue field (for example F p ((x, y))) is also 8. Note that such fields are C 3 fields. Thus, the u-invariant of these fields is at most 8. The period-index bound for surfaces over finite fields was proved by Lieblich. (See [L] )
Proposition 5.6. Let F be the function field of a smooth d-dimensional variety over an algebraically closed field K of characteristic zero. Then i s (F ) ≥ 2 d .
Proof. We first show that there exists a Brauer class α over F of index 2 d−1 and a quadratic extension L/F such that ind(α ⊗ L) = 2 d−1 . Let p be the norm form of L/F and p α be a form with Clifford invariant α. Then q = p ⊥ p α has spitting index at least 2 d .
We construct the class and the field extension by induction on the dimension: The base case d = 1, follows from the fact that all Brauer classes on function fields of curves over algebraically closed fields are trivial.
Let X/K be a smooth affine variety of dimension k. Let Y ֒→ X be a smooth codimension 1 subvariety given by π, obtained by replacing X if necessary. By induction hypothesis, there exists α 0 in 2 Br(K(Y )) of index 2 k−2 and an extension L := K(Y )( √ u) such that ind(α 0 ⊗ L) = 2 k−2 . Suppose that Y is given by the function π in K[X]. Let F π denote the completion of K(X) at π. The residue field of F π is K(Y ). Consider the class α = α 0 + (u, π) in Br(F π ). This class descends to Br(F ). Note that ind(α ⊗ F π ) = 2ind(α 0 ⊗ F π ( √ u)) = 2ind(α 0 ⊗ L) = 2 k−1 . Note also that the extension, F ( √ π + 1)/F splits in F π . Thus, ind(α ⊗ F ( √ π + 1)) = 2 k−1 .
Remark 5.7. As an explicit example, consider the quadratic form q = x, y, xy, −(y + 1), −z, z(y + 1) ⊥ 1, −(z + 1) over C(x, y, z).
Proposition 5.8. Let F be the function field of a curve over complete discretely valued field. Suppose that the Brauer dimension of F is n. Then i s (F ) ≥ 2 n+1 .
Proof. Let α be in 2 Br(F ) such that ind(α) = 2 n . By Merkurjev-Suslin theorem, there is a quadratic form p α of trivial discriminant such that e 2 (p α ) = α. By [RS, Theorem 2.6 ], there exists a non-trivial discrete valuation v such that ind(α ⊗ F v ) = 2 n . Let L/F be a quadratic extension which is split over v. Let p be the norm form of L/F . Then q = p ⊥ p α is our required quadratic form. To split the discriminant of q, we need to make the extension L/F . Since L is split at v, ind(α ⊗ L v ) = 2 n .
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